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I. INTRODUCTION
R EAL-WORLD measurements and theoretical modeling of antennas and propagation channels are crucial to the design of efficient wireless communication systems and have been the focus of extensive research for many years [1] . One way to increase the capacity of wireless systems is to use multiple-input-multiple-output (MIMO) technology. MIMO requires several degrees of freedom in the channel, and the degrees of freedom depend both on the mutual coupling between antenna elements and the richness of the channel. It is therefore desirable to separate the antenna and channel influence. One approach to do this is the double-directional channel model, which describes the channel in terms of plane waves, or multipath components [1] , [2] .
Electromagnetic vector spherical waves provide a compact description of a single-or multiport antenna in terms of the antenna scattering matrix, which describes the antenna receiving, transmitting, and scattering properties [3] . One benefit of spherical waves is that only a few terms are needed for a small antenna. Furthermore, spherical waves are used within spherical near-field antenna measurements, where they enable the necessary probe corrections and near-field-to-far-field transforms [3] , [4] .
Vector spherical wave approaches to theoretically model antenna-channel interaction and the available degrees of freedom have been presented in [5] - [7] . These separate the antenna from the channel in a compact and intuitive way. It is well known that a small antenna can excite only a limited number of spherical waves [8] , which restricts the available degrees of freedom for small multiport antennas. It is not, however, well known how many degrees of freedom a given propagation channel can support. Furthermore, to the authors' best knowledge, there are no previous publications where spherical waves are estimated from channel measurements, although some preliminary studies have been performed [9] . The main objective of this letter is to present a method to estimate spherical wave coefficients from channel measurements. For this, a 3-D positioner is used to move the receiving antenna to different positions and orientations within a cube, and probe correction [3] is used to separate the influence of the receiving antenna. The whole volume of the cube as well as different subsets are used in separate estimations to determine how the measurement points should be selected.
II. PRELIMINARIES
In a source-free region enclosed by spherical surfaces, the electric field can be written as a sum of regular ( ) and outgoing ( ) vector spherical waves (time convention )
Here, the free-space parameters are the wavenumber , speed of light , and impedance . The spatial coordinate is denoted , with and . The spherical waves are defined as in [3] , but with a slightly different notation; see [10] . The multi-index is introduced in place of the indices , where (odd ) corresponds to a magnetic -pole ( mode), while (even ) identifies an electric -pole ( mode). The basis function in the azimuth angle is . The antenna source scattering matrix completely describes the antenna properties . It is assumed that the scattered field ( ) that is in turn scattered back from nearby objects is negligible. (b) Receiving antenna is placed at a number of different positions and orientations, described by the translated and rotated coordinate systems . The original coordinate system is centered in the sampling region.
The main purpose of this letter is to determine the spherical wave coefficients from channel measurements. More precisely, consider a transmitting antenna in a propagation channel, as in Fig. 1(a) . Within any sphere containing no scatterers, only the regular waves contribute to the sum in (1) . The coefficients will be estimated from measurements with the receiving antenna placed at a number of different positions and orientations. It is assumed that the scattered field that is in turn scattered back from nearby objects is negligible.
III. METHOD AND MEASUREMENT SETUP
The receiving antenna is placed at a number of different positions and orientations. When the antenna is placed at the origin in its initial orientation, it receives the signal given by (2). When it is moved and/or rotated, expressions for are derived by expressing the spherical waves in the original coordinate system as sums over the spherical waves in the translated and rotated coordinate system
Here, is the position of the translated origin, and and are the orientations of the -and -axes, respectively, as in Fig. 1(b) . Explicit expressions for can be found in [3] . From (2) and (3), it follows that the antenna receives the signal (4) when positioned at and oriented according to , where is the infinite-dimensional matrix with elements , and denotes transpose. The expansion in (1) is truncated at by choosing a maximum order [3] . With measurements, this leads to
where is error due to the truncation. In practice, noise is also present in the measurements. The measurements were carried out with the 3-D positioner in Fig. 2 . An in-house patch antenna, kept at a fixed position, is used as the transmitting antenna at 5.15 GHz. A Satimo 5.15-GHz sleeve dipole (SD5150) was chosen as the receiving antenna; it is placed on the 3-D positioner and moved in a 10 10 10 cubical grid with step-size 15 mm ( ), measuring -, -, and -polarization at each point and giving 3000 measurements in total. Here, the coordinates given to the 3-D positioner must first be corrected for the offset in the phase center as the antenna is rotated. The receiving antenna is fastened on the top of a 60-cm-long plastic rod (red) to reduce the influence of scattering by the 3-D positioner. The transmitting and receiving antennas are connected to ports 1 and 2 of an Agilent E8361A vector network analyzer, which was calibrated and used to measure the transfer function . An amplifier was used at the transmitter side. For later use as a validation of the estimated coefficients, a Skycross ultrawideband (UWB) antenna (SMT-2TO6MB-A) (frequency range 2.3-5.9 GHz) is used as the receiving antenna in place of the sleeve dipole in otherwise identical measurements; it is moved along a subset of the points in the cubical grid for a total of 90 measurements. Detailed photographs of the 3-D positioner and the antennas can be found in [10] .
For verification purposes, data have also been simulated, using 100 random plane waves with independent polarization, complex Gaussian amplitude and angles of arrival uniformly distributed over the sphere, and zero mean white Gaussian additive noise. In this case, closed-form expressions for the coefficients in are known [3] , which makes it possible to check the accuracy of the method as a function of signal-to-noise ratio (SNR).
The matrix in (5) is determined with in-house MATLAB scripts, using the positions and orientations from the 3-D positioner and the receiving coefficients of the antennas. For this reason, both the sleeve dipole and UWB antenna have been characterized in a Satimo Stargate-24 chamber where the antenna transmitting coefficients are given as output. The receiving coefficients are given by [3] . The sleeve dipole is very close to a Hertzian dipole, and the higher-order waves contribute little to the 3-D positioner measurements. It is seen that the smallest errors are obtained when the receiving coefficients are truncated to contain only the dipole term.
An estimate of the unknown coefficients in can be computed from the system of equations in (5) . A first approach is the least-squares solution, but the singular values of suggest that this is an ill-posed problem. Furthermore, when computing least-squares solutions from simulated data, it is observed that large errors are introduced for the coefficients of higher orders . Therefore, a more elaborate method should be used, and a regularized solution by means of Tikhonov's method is chosen here [11] The regularization parameter is determined with the -curve criterion [11] .
The regularization works well when tested on simulated data, and based on the experiments carried out, the regularization gives plausible results also for measured data. It is seen that the estimated coefficients are independent of the truncation order , as long as it is chosen large enough. A rule of thumb is , where is the radius of the smallest sphere circumscribing the cube. The spherical waves are normalized such that is the power associated with the spherical wave with index [3] ; a physical interpretation of the regularization is therefore that it gives a solution with minimum power. The problems with large errors for the higher-order coefficients can thus be avoided, whereas it is seen that the estimates of the lower order coefficients are not affected by the introduction of the regularizing term . The measurement problem considered here shows some similarities with near-field antenna measurements, see, e.g., [3] , [4] , and [12] . However, none of these methods are directly applicable here.
IV. RESULTS AND DISCUSSION
The measurement scenario is a small room with many scatterers and OLOS; see Fig. 2 . It is chosen to get a rich channel and is a challenging problem when estimating the spherical wave coefficients. Measurements were also carried out in a large, empty room under line-of-sight conditions, with similar results.
The spherical wave coefficients are estimated from the measured data as described above. For a first validation, 30 randomly chosen measurements out of the 3000 measurements are excluded from the estimation, and the estimated coefficients are used to predict those transfer functions . The results can be found in Fig. 3(a) . In the second validation, the same estimates are used to estimate the transfer function for the UWB antenna; see Fig. 3(b) . There are several challenges associated with this measurement problem, such as phase-drift due to movements and long measurement time and scattering by the 3-D positioner. Since the errors are relatively small for the validation with the dipole compared to the validation with the UWB antenna, it is expected that the main sources of errors are the antenna characterization and influence from nearby objects. At 5.15 GHz, the UWB antenna has a complicated radiation pattern, and small errors in the characterization and influence from nearby objects give large errors for the received signal.
To investigate if the number of measurements can be reduced, the spherical wave coefficients are estimated using three different subsets of the 3000 measurements: I) 1464 measurements on the surface of the cube; II) 1536 measurements in the inner 8 8 8 cube; and III) 1500 measurements chosen at random. The estimated coefficients for all three cases are compared to the estimated coefficients when all the measurements are used; see Fig. 4 . It is observed that I) introduces errors for all the coefficients, II) introduces errors for higher order coefficients (large multi-index ), and III) works well for all the coefficients.
Some observations for these cases are as follows. I) In theory, it would suffice to measure only on the surface [3] , but this approach fails when noise is introduced. II) As expected, using the inner points works equally well for the lower-order waves, but the higher-order waves are not detectable since they vanish close to the origin in the middle of the cube. A rule of thumb is that coefficients can be estimated (cf. [3] ), where and is the radius of the largest sphere inscribed in the cube. This gives for the 10 10 10 cube and for the 8 8 8 cube. III) The randomly chosen points cover the same volume as the full cube, but the errors increase slightly since fewer measurements are used. To check the accuracy of the method as a function of SNR, simulated data with dB and dB, respectively, is also used. For the lower SNR, where also small errors have been introduced in the characterization of the UWB antenna, similar results as those from the measurements are obtained; see Figs. 5 and 6. It is therefore expected that this simulation represents the measurements well, and it is seen that the coefficients up to (which corresponds to ) are estimated with less than 5% error, and that the coefficients up to ( ) are estimated with less than 10% error. For the higher SNR [10, Fig. 8 ], it is observed that using either the surface of the cube or randomly chosen measurements works well, and therefore it is expected that fewer measurement points are sufficient at higher SNRs. However, using only the inner 8 8 8 cube fails for the higher-order waves as expected.
V. CONCLUSION
A method to estimate spherical wave coefficients from channel measurements was presented and analyzed in this letter. A 3-D positioner was used to move the receiving sleeve dipole antenna within a 10 10 10 cubical grid, measuring -, -, and -polarization at each point. The receiving antenna was characterized, and expressions for translations and rotations of spherical waves were then used to obtain a system of equations for the unknown coefficients , which was solved numerically with Tikhonov regularization. The results were validated by using the estimated coefficients to estimate the received signal, both in the sleeve dipole and in a UWB antenna. Simulated data was also used to check the accuracy of the method as a function of SNR.
Furthermore, different subsets of the measurements were used to estimate the coefficients. It was seen that using only the surface gave large errors, using only inner points failed for higher-order waves, whereas a randomly chosen subset worked well. With a comparison to simulated data, it can be expected that fewer measurement points are sufficient for higher SNR, and in this case they can be placed uniformly, randomly, or on the surface.
In future measurements, it would be desirable to replace the rather slow 3-D positioner. A real array that measures on a surface does not seem to be feasible for lower SNR. However, the promising results for estimation using the randomly chosen points indicate that it could be possible to use a device where the measurement positions are chosen at random rather than placed on a grid, but where the random positions are known. Hopefully, this fact can be taken advantage of in order to simplify and speed up the measurements.
